Introduction
As the complexity of electronic packages grows, high reliability of assembled components is critical to maintaining final product quality, especially in light of trends toward miniaturization and higher-level integration ͓1͔. It is well known that the coefficient of thermal expansion mismatch between the different materials in the package is the major cause of fatigue failure. Thermal cycling causes progressive damage in the package, especially in the Sn-Pb solder joints used to attach the surface-mounted devices to the printed-circuit boards or a chip to a substrate. Eventually, this damage accumulation beyond a critical point leads to the electrical failure of the assembly. In order to predict the fatigue life of the solder joints, a unified constitutive model of the solder material is essential. Implementing this constitutive model in a generalpurpose finite element code enables an engineer to simulate the thermomechanical response of a new package design on a computer screen. Computer simulations during early design stages significantly lower development cost and reduce design-to-market time cycles.
Eutectic solder alloys are routinely used at high homologous temperatures. The melting point of the eutectic Sn-Pb solder alloy is 183°C, and it is at 0.65 Tm at room temperature, where Tm is the melting point. Therefore, solder joints exhibit time-, temperature-, and stress-dependent deformation behavior. Reversed plasticity, creep, and creep-plasticity interactions dominate the behavior of solder joints during thermomechanical cycling. The microstructure also has significant effects on the flow behavior of the eutectic solder alloy, as shown by Kashyap and Murty ͓2͔, Morris and Reynolds ͓3͔, and Basaran and Chandaroy ͓4͔. Material models ranging from purely elastic to elastoplastic using various stress-strain relations have been proposed for Sn-Pb solder material, such as in Kitano et al. ͓5͔, Lau and Rice ͓6͔, Basaran et al. ͓7͔ , and many others. Adams ͓8͔ proposed a simple viscoplastic model without hardening. Wilcox et al. ͓9͔ proposed a rheological model to represent the inelastic behavior of the material; however, it is applicable to a limited range of strain rates. The purely phenomenological models proposed by Knecht and Fox ͓10͔, Darveaux and Banerji ͓11͔, couple the creep and plasticity effects artificially. This decoupling does not have any physical basis and is more a mathematical convenience. One of the drawbacks of the Sn-Pb solder material constitutive models available in the literature is the large number of material parameters required. A large number of material parameters are difficult to determine in practice rendering the model impractical for industrial use. An extensive literature survey on Sn-Pb constitutive models was presented in Basaran et al. ͓7͔ .
On the other hand, classical forms of decoupled plasticity and creep theories have been shown to be quite inferior for modeling cyclic plasticity, creep, and interaction effects ͓13͔. The tests on stainless steels showed that the combination of plasticity and creep equations yielded unsatisfactory modeling of certain deformation features, including cyclic creep and creep-plasticity interactions. The development of inelastic constitutive equations has shown that, at the present time, the plasticity-creep approaches are gradually being replaced by "unified" methods, as pointed out by Krempl ͓14͔. A number of researchers recently attempted to develop unified creep-plasticity models in order to model the solder material behavior more precisely. Some are Busso et al. ͓15͔, Mcdowell et al. ͓13͔, Tachibana and Krempl ͓16͔, Skipor et al. ͓17͔, Wei et al. ͓18͔, Basaran and Chandaroy ͓4͔, Basaran and Tang ͓26, 27͔, and others. In this paper, a constitutive model for the eutectic Sn-Pb solder is formulated within a unified framework, where the plastic rateindependent and rate-dependent creep strains are assumed coupled to yield total strain. Both isotropic and kinematic hardenings are incorporated to model cyclic behavior. The influence of microstructure is represented in the constitutive equations by incorporating the grain size in the viscoplastic flow rule. A thermodynamics-based damage evolution equation is incorporated to account for the material damage accumulation and fatigue life predictions. Damage is introduced by means of the train equivalence principle. Furthermore, damage is described in terms of entropy, based on the second law of thermodynamics. Uniaxial tension and shear cycling loading conditions are simulated. The model is validated against uniaxial experimental data available from the literature, and against mechanical shear cycling experiments performed at the University at Buffalo Electronic Packaging Laboratory. The material properties for the constitutive model were taken out of experimental data available in the literature, and from our own testing.
Yield Surface
In order to separate elastic behavior from inelastic deformation region, a von Mises type yield surface is used
where k 0 is the initial size of the yield surface, R is the evolution of the size of the yield surface, D is the internal state variable of damage, and the eff denotes the reduced effective stress or the von Mises distance in the deviatoric stress space, which is given by
where S is the deviatoric stress tensor and ␣Ј is the deviator of back stress tensor ␣.
Nonlinear-Kinematic Hardening (NLK) Rule
The NLK rule is taken from Chaboche ͓19͔, and was originally proposed by Armstrong and Frederic ͓20͔. Nonlinearities are introduced as a recall term to the Prager linear rule
where dp = ͱ 2/3d p : d p is the increment of the plastic strain trajectory, and C and ␥ are material constants. The first term represents the linear kinematic hardening as defined by Prager. The second term is a recall term, often called a dynamic recovery term, which introduces the nonlinearity between the back stress ␣ and the actual plastic strain. When ␥ = 0, Eq. ͑3͒ reduces to the linear kinematic rule. The NLK equation describes the rapid changes due to the plastic flow during cyclic loadings, and plays an important role, even under stabilized conditions ͑after saturation of cyclic hardening͒. In other words, these equations take into account the transient hardening effects in each stress-strain loop. After unloading, dislocation remobilization is implicitly described due to the back stress effect and the larger plastic modulus at the beginning of the reverse plastic flow ͓19͔.
Isotropic Hardening
The isotropic hardening rule follows the formulation proposed by Chaboche ͓19͔. Contrary to the kinematic effect, the isotropic hardening takes many successive cycles to be saturated, giving rise to the stabilized behavior. The evolution of the size of the yield surface is represented as
The associated internal variable is the accumulated plastic strain p. R is the evolution of the size of the yield surface, and Q ϱ is the asymptotic value of the size of the yield surface. The material constant b determines how fast the yield stress evolves.
Viscoplastic Flow Rule
The temperature-dependent viscoplastic flow rule incorporated in this paper is based on the work by Kashyap and Murty ͓2͔. A series of isothermal creep tests on Sn60-Pb40 were performed in their work, with different temperatures, different strain rates and different grain sizes. The creep behavior at three regimes was studied. Sn-Pb solder alloy has a very small primary creep region, and it reaches the steady-state creep region almost immediately ͓13͔. On the other hand, the solder alloy, when used as an interconnect material in electronic packaging applications, never goes into the tertiary region during its normal service life. Therefore, a viscoplastic flow rule, based on a steady-state creep behavior, is a valid representation of the alloy material. The concept of the viscous overstress is adopted in the formulation. Grain size effect on creep rate in the flow rule is included, as in Kashyap and Murty ͓2͔. Here, the grain size effect is incorporated through a measure of the phase size. As viscous flow evolves, there is coarsening of the phase, and this phase coarsening is accompanied by a corresponding increase in the grain size. The viscoplastic flow rule is given by vp = AD 0 Eb kT
where, N is the direction of inelastic strain rate, defined by N = ‫ץ‬F / ‫;ץ‬ ⌬ eff is the effective viscous overstress; ⌬ eff = ͑ n ϭ stress exponent for plastic deformation rate, where 1 / n indicates strain rate sensitivity The grain size exponent p is taken as 3.34, and the stress exponent n = 1.67. As shown by Kashyap and Murty ͓2͔, the stress exponent n is not significantly influenced by the test temperature or grain size. Also based on the Arrhenius plot, Kashyap and Murty ͓2͔ have shown that activation energy is Q = 44.7 kJ/ mol for temperatures lower then 408 K, and Q = 81.1kJ/ mol for tempratures higher than 408 K.
Damage Evolution
Basaran and Yan ͓22͔ developed a damage evolution function based on thermodynamics theory. Their damage equation is adopted in this model to account for the prediction of solder fatigue life. The damage function is given by 
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where D denotes a monotonically increasing scalar variable of damage at current state, T denotes absolute temperature, N 0 is Avogadro's constant, k is Boltzman's constant, m s is the average molecule quantity/mol, is specific mass, ij is the stress tensor, d ij p is the increment of plastic strain tensor, ␥ is the distributed internal heat production rate per unit mass, and q i is the heat flux tensor. The incremental stress-strain relationship modified by damage can be obtained from the strain equivalence principle
where d ij is the increment of the stress tensor, C ijkl is the elastic constitutive matrix, and d ij el is the increment of the elastic strain tensor.
Model Verification Against Test Data
The model is verified against the monotonic tensile test data from Adams ͓8͔, Skipor ͓17͔, McDowell ͓13͔, and cyclic shear test data performed at the University at Buffalo Electronic Packaging Laboratory. For this verification, material constants were inferred from their experimental data or obtained from our own testing. As shown by Adams ͓8͔, Young's modulus varies significantly for the same Pb-Sn composition from one specimen to another. Furthermore, there is a big scatter on the values of Young's module reported in the literature. Sn-Pb solder alloy is a highly temperature-dependent and rate-dependent material. In addition, its material properties are also very sensitive to its microstructure. To compare the model with the test results, material properties are obtained for every test. Adams ͓8͔ performed a series of tensile tests on Sn60-Pb40 alloy at isothermal conditions, with various temperature levels. The author also obtained Young's modulus E and Poisson's ratio from ultrasonic testing. The variations of E and G with temperature are as follows:
where G is the shear modulus and T is the temperature in Kelvin. The phase size data corresponding to Adams ͓8͔ is obtained after comparison of Adams' results with Kashyap and Murty's ͓2͔ creep test data. Following this approach, Chandaroy ͓23͔ found d =15 m. The optimum value of the kinematic hardening modulus to fit the experimental data was found to be C = 1600 MPa. The recovery coefficient ␥ was determined by Busso et al. ͓15͔ from Adams' ͓8͔ test data for a strain rate = 1.67ϫ 10 −3 s −1 . This relation is used here: ␥ = 159+ 0.89͑°C͒. The initial yield strength k 0 is obtained by observation of the test data at different temperatures and different strain rates. It is obvious from Adams' ͓8͔ test data that the initial yield strength depends on both temperature and applied strain rate. Therefore, k 0 has to be determined for each temperature at every given strain rate. This consideration also applies to the determination of the material constants Q and b used in the isotropic hardening rule. The values of k 0 , Q, and b for different temperature levels at different strain rates are given in Table 1 for Adams' ͓8͔ tests.
The constant A is dependent on temperature, and the value of A is fitted based on Adams' data. A linear regression was performed to obtain the relationship between A and temperature, as shown in Fig. 1 . The regressed equation yielded the following relationship: A = b1 ϫ T b2 or log A = log b1 + b2 log T where log b1 = 41.368,b2 = − 13.692. Figs. 3͑a͒-3͑d͒ , 4͑a͒, and 4͑b͒, respectively. Some differences in the hardening behavior between the model and Skipor's experimental result are present. This may be due to the lack of better estimates of the hardening material parameters. 
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Transactions of the ASME An experimental study was conducted at the University at Buffalo Electronic Packaging Laboratory on homemade Pb-Sn thinlayer solder joint specimens in order to verify the capability of the model to describe cycling loading conditions. The homemade thin-layer solder joints were 38 mm long and 0.46 mm thick, with an out-of-plane thickness of 6.35 mm, as shown in Fig. 6 . The testing and numerical simulations were performed under displacement-controlled conditions at room temperature, and with constant strain rate using an MTS 858 material testing system. Details about the testing set up and determination of material parameters can be found in Tang ͓24͔. The testing was performed at a constant strain rate of 1.67ϫ 10 −3 / s. The material parameters are reported in Table 2 . The stress-strain test data for shear-cycling conditions is compared with the model simulations in Figs. 5͑a͒-5͑d͒. In general, a good prediction is obtained with the constitutive model for the case of cycling loads. In this analysis, the material parameters were directly obtained from testing, and the differences shown are more likely due to the differences in the geometry between actual specimens and the numerical model. For instance, there are voids in the actual specimens that are not explicitly represented in the numerical model; therefore, some differences should be expected. In order to compute the stress-strain response with the testing results, the proper corrections were made to account for the voids in the solder joint and the stiffness, of the load train. In the numerical simulation the applied displacement profile was imposed by the shear strain rate.
Conclusions
A damage-mechanics-based unified thermal viscoplasticity constitutive model with isotropic hardening and kinematic hardening for Pb-Sn solder alloy has been proposed and verified against various tensile-and shear-cycling loading test data. The model has a thermodynamics-based damage evolution function embedded in it. Hence, contrary to other constitutive models, such as Darveux ͓11͔ where the constitutive model is used to predict the stressstrain behavior and a Coffin-Manson-type empirical curve is used to predict the fatigue life, the model proposed in this paper can accomplish these two steps in one step. The most important contribution of this model is that it has only four material parameters ͑not including E and G͒. This model is capable of predicting a broad range of deformation patterns in monotonic, cyclic, and creep conditions. Material constants involved in the model have been evaluated based on different levels of temperatures, strain rates, and microstructures. Phenomenological in nature, the effect of microstructure is taken into account by incorporating grain size in the flow rule. Material properties of solder alloy with the same chemical composition vary in a wide range, as stated by Frear ͓25͔, "There is no such a thing as the mechanical behavior of a particular solder, it depends on the microstructure, which in turn depends on how the microstructure is processed." Furthermore, this material is proved to be highly temperature and rate sensitive. When the constitutive model is to be used to predict the thermomechanical behavior and fatigue life of a particular package, material properties must be obtained from a manufactured package rather than from a sample of the same composition ͓26-28͔.
